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1. Introduction 
 The list of the solutions of the one-dimensional stationary Schrödinger equation in 
terms of the Gauss ordinary hypergeometric functions for potentials for which all the 
involved parameters are varied independently includes just three names. These are the Eckart 
[1] and Pöschl-Teller [2] classical potentials known from the early days of quantum 
mechanics and the third hypergeometric potential introduced recently [3]. In this paper we 
introduce another potential belonging to this class. 
 This is an asymmetric potential-step with variable height and steepness. Though 
independent, the potential has much in common with the third exactly integrable 
hypergeometric potential which is also an asymmetric step-barrier [3]. In particular, both 
potentials are four-parameter and belong to the same general Heun family [4,5]. Besides, in 
both cases, the general solution of the problem has been expressed in terms of fundamental 
solutions, each of which is represented by an irreducible linear combination of two ordinary 
hypergeometric functions. It has also been shown that this combination may be represented 
by a single generalized hypergeometric function [6,7]. 
 To derive the solution of the Schrödinger equation, we have applied a recently 
proposed approach suitable for the identification of integrable potentials that are proportional 
to an energy-independent parameter and have a shape that does not depend on that parameter 
[8]. The approach may also be used to generate conditionally integrable potentials (see, e.g., 
several classical [9-14] and recent [15-18] examples), as well as quasi-exactly solvable 
potentials (see, e.g., [19-21]). 
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 In this paper we present the explicit solution and discuss the quantum mechanical 
reflection and transmission of a quantum particle above the barrier. The reflection and 
transmission coefficients are given by simple formulas. 
 
2. The potential and reduction to the Heun equation 
 The potential we introduce is given as 
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where one may replace x  by 0x x  with arbitrary 0x . The shape of the potential is shown in 
Fig. 1. This is an asymmetric step-barrier with controllable height and steepness. The 
potential involves four independent parameters, 0 1, ,V V   and 0x , which stand, respectively, 
for the energy origin, the height, the steepness and the space position of the step (obviously, 
without any loss of the generality, one may put 0 0V   and 0 0x  ). 
 To solve the one-dimensional stationary Schrödinger equation 
   2 2 22 ( ) 0d m E V xdx
     (3) 
for the potential (1),(2), we reduce it to the general Heun equation [22-25] 
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 Fig.1. Potential (1) for 0 0V  , 1 1V  , 0 0x  , 1 / 2, 1, 2      (in units 1m  ). 
The inset presents the coordinate transformation ( )z x  for 1   . 
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The Heun equation is a natural generalization of the Gauss hypergeometric equation. It is the 
most general Fuchsian second-order linear ordinary differential equation possessing four 
regular singularities, i.e., one more than those of the Gauss equation. Note that equation (4) 
assumes the finite singularities being located at the points 1 2 3, ,z a a a . 
 The reduction of the Schrödinger equation to the general Heun equation is achieved 
by the variable change ( ) ( )z u z  , ( )z z x , which results in the following equation for 
the new unknown function ( )u z : 
  2 2
2 ( )2 0z z zz z zzz z
m E V zu u u         
             
, (5) 
where /dz dx  . Consider the coordinate transformation given by equation (2). We note 
that the function ( )z x  is the real root of the cubic equation 
   2 /2 ( 1) 4 xz z e    , (6) 
from which we obtain 
  ( 2)( 1)
3
dz z z
dx z
 
   . (7) 
With this, it is readily checked that the pre-factor 
  1 2( ) ( 2) ( 1)z z z      (8) 
reduces equation (5) to the Heun equation with singularities 1 2 3( , , ) ( 2,1,0)a a a   . 
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with the involved parameters given as 
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and the exponents 1 2,   of the pre-factor (8) being 
     11 2 0 0 12 22 2, 2 ,2
Vm mi E V i E V V                 
. (12) 
We note that any combination of plus and minus signs for 1 2,   is applicable. Hence, by 
choosing different combinations, one can derive different fundamental solutions. 
 
4 
 
3. The solution of the Heun equation 
 The next step is to construct the solution of the Heun equation (9) in terms of the 
hypergeometric functions. One first checks that the known direct Heun-to-hypergeometric 
reductions (see, e.g., [26-30]) do not help. Instead, one may apply the series solutions in 
terms of the Gauss hypergeometric functions [31-35]. The cases when such expansions 
terminate thus resulting in finite-sum closed-form solutions have been discussed in [36]. It 
was shown that the series terminates if a characteristic exponent of a singularity of the Heun 
equation is a positive integer and the accessory parameter q  satisfies a polynomial equation.  
 In our case 1    so that a characteristic exponent of the singularity 0z   is 
1 2    . Hence, a solution of the Heun equation in the form of a finite-sum of the Gauss 
hypergeometric functions may exist. For this to be the case, the necessary condition is 
   2 1 2 2 0q q        . (13) 
We present the detailed derivation of this equation in Appendix. It may be readily checked 
that the equation is satisfied by parameters (10)-(12). Accordingly, a fundamental solution of 
the Heun equation reads (see the Appendix) 
   1 2 1 2 1
2 1 2, ; ; , ; 1;
3 2 1 3
z zu F F
q
     
               . (14) 
In the similar way, the second independent fundamental solution is shown to be 
   2 2 1 2 1
1 (1 ) 1, ; ; , ; 1;
3 1 3
z q zu F F
q
      
               . (15) 
Thus, the general solution of the Schrödinger equation may be written as 
       1 2 1 1 2 22 1( ) z z c ux c u       (16) 
with arbitrary 1c , 2c . This solution is valid for arbitrary (real or complex) set of all involved 
parameters (with the proviso that none of   and   is zero, one, or a negative integer). 
 We conclude this section by noting that Letessier noticed [37] (see also [38]) that the 
fundamental solutions (14),(15) can be represented by the Clausen generalized 
hypergeometric functions [39]: 
 1 3 2
2 2 2, ,1 ; , ;
3
zu F
q q
        ,   2 3 2
1, ,1 ; , ;
3
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q q
         . (17) 
This is a useful form that in several cases provides simpler derivations. 
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4. Above-barrier transmission 
 To discuss the quantum-mechanical reflection on transmission of a particle above the 
potential barrier, that is, when 0 1E V V  , we note that the coordinate transformation given 
by equation (2) maps the real axes ( , )x    onto the interval (1, )z   and that the 
asymptotes at infinity for 0   are 
  2/3 /(3 )~ 2 xxz e

   ,    /~ 1 4 / 9 1xxz e    . (18) 
Let the exponents 1  and 2  take the plus sign in equations (12). Then, the pre-factor of the 
general solution (16) at x   behaves as 
     1 2 2 1 2 22 22 1 2 3~ i k xz z e        ,     2 0 122mk E V V   . (19) 
Demanding now that the wave function at x   involves only one plane wave (that is, 
only the transmitted wave), we derive 1 0c   and 
  2( ) ~ i k xCe  ,    
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1
22
2 1 2
2 3
2
m VC c
   
  
 
    . (20) 
Expanding then the solution at x  , we arrive at the asymptote 
  1 1( ) ~ i k x i k xA Be e    ,    1 022mk E V   (21) 
with            
1 1 2 12 1 3
2 1 2 1
2
1 2 1 1 2 1 1 2
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     
       , (22) 
  
     
     
1 1 2 12 1 3
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                  , (23) 
where   is the Euler gamma-function. The transmission coefficient is then given as 
        
2
1 22
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sinh 6 sinh 2
sinh 3 2 sinh 3 2h h
k kk CT
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, (24) 
where we have introduced the notation 
  102
2
2h
Vmk E V      . (25) 
In the limit 0   we have 
   
1 2
2
1 2
4k kT
k k
  , (26) 
which is the result for the abrupt-step potential [40]. As expected, the correction term is 
shown to be positive, hence, because of the smoothness, the transmission above the potential 
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(1),(2) is always greater than that for the abrupt-step potential. In the idealized infinitely-
smooth limit    the potential becomes transparent. The reflection coefficient 1R T   
is shown in Fig. 2. 
     
Fig.2. The reflection coefficient 1R T   versus energy E  for  0 1 0, , , , (0,1,0,1,1)V V x m h  , 
0.1, 0.25, 0.6     . 
 
5. Discussion 
 Thus, we have introduced one more quantum mechanical potential for which the one-
dimensional stationary Schrödinger equation is solved in terms of the Gauss hypergeometric 
functions [1-3]. The new potential is a step-barrier with controllable height and width. We 
have discussed the transmission of a quantum particle above this barrier. 
 The potential is a four-parameter sub-potential of the fifth eight-parameter general 
Heun family defined by the triad 1 2 3( , , ) (1,1, 1)m m m    [25]. This is a remarkable family in 
that it generalizes the Eckart potential and involves, as independent particular cases, the third 
exactly integrable hypergeometric potential and the potential we have introduced. In addition, 
the family contains a number of conditionally integrable sub-potentials, in particular, the 
Dutt-Khare-Varshni [12] and López-Ortega potentials [16], as well as a variety of quasi-
exactly solvable potentials [21] or fixed-energy solutions [41]. 
 An observation worth of some attention is that the two new hypergeometric potentials 
(as well as other recently reported exactly integrable potentials of the Heun class [42-44]) are 
four-parameter, while the classical ordinary hypergeometric potentials by Eckart and Pöschl-
Teller (as well as the three classical confluent hypergeometric potentials [45-48]) are five-
parameter. We wonder if there exists a more general exactly integrable hypergeometric 
reduction of the fifth general Heun family, which involves as particular cases the two recent 
hypergeometric potentials. We hope to explore this possibility in the near future. 
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Appendix 
 Consider the general Heun equation written in its canonical form [23-25]: 
  
2
0
2 01 ( 1)( )
y qd u du u
y y y a dy y y y ady
              , (A1) 
where the parameters obey the Fuchsian condition 
  1          . (A2) 
We examine an expansion of the solution of equation (A1) of the form 
  2 1
0 0
( , ; ; )n n n
n n
u c F n y c w   
 
     . (A3) 
The involved Gauss hypergeometric functions nw  obey the equation 
  
2
2 01 ( 1)
n n n
n
d w dwn w
y y dy y ydy
         , (A4) 
where (compare with (A2)) 
  1 nn        . (A5) 
In order to match the last equation with the Fuchsian condition (A2) for all n , we put 
n n     . Then, substituting equations (A3),(A4) into equation (A1), we derive 
  0 0
1 ( 1)( )
n
n n
n
dw a qn nc w
y y y a dy y y y a
                (A6) 
or    0( ) ( ) 0nn n
n
dwc an a n y a q w
dy
           . (A7) 
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Now, using the following relations between the involved hypergeometric functions [24]: 
  1 1( )( )( 1) 1 2 2n n n ndw n nn w n w wdy n
        
             , (A8) 
   1( 1)n n ndwy n w wdy      , (A9) 
equation (A7) is rewritten as 
  
       
1 1
0
( )( ) ( 1)( )( 1)
0,1 1
n n n
n
n
an n nc w
a n n an n a
a n n w
n
wq 

   
      
 
          
       
 
 


 (A10) 
from which we obtain a three-term recurrence relation for the coefficients of the expansion: 
  02211   nnnnnn cPcQcR  (A11) 
with    n anR n nn         , (A12) 
    0n nQ P an n a q           , (A13) 
  ( 1)( )( 1)nP a n n      . (A14) 
 The constructed expansion terminates if 0Nc   and 021   NN cc  for some 
,2,1,0N . The recurrence relation (A11) for 2n N   is then reduced to 0NP , which 
for 1a   and non-integer   is satisfied if 
  N , (A15) 
and the equation 01 Nc  leads to a polynomial equation of degree 1N  for the accessory 
parameter q . For 1    this equation reads 
     20 0 1 ( ) 2 (1 ) 0q q a a a a a                    . (A16) 
The resulting solution of the Heun equation may be readily derived to be 
      2 1 2 1
1 1
2 1
)( , ; ; ) ( , ;
1
1;u F y F y
q 
      
  
      (A17) 
 Let us now return to the general Heun equation (9).  By the linear change 3 2z y   
this equation is rewritten as 
  
2
2
( 2 ) / 3 0
1 2 / 3 ( 1)( 2 / 3)
d u du y q u
y y y dy y y ydy
                 . (A18) 
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Comparing with equation (A1), we have 
  2
3
a  ,   0 23
qq  . (A19) 
With this, equation (A16) reproduces equation (13): 
   2 1 2 2 0q q        , (A20) 
and equation (A17) with ( 2) / 3y z   gives the solution (14): 
   2 1 2 1
2 1 2, ; ; , ; 1;
3 2 1 3
z zu F F
q
     
               . (A21) 
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